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We present a new method for the determination of the two-terminal differential conductance
through an interacting cluster, where one maps the interacting cluster into a non-interacting cluster
of M independent sites (where M is the number of cluster states with one particle more or less
than the ground state of the cluster), with different onsite energy and connected to the leads with
renormalized hoppings constants. The onsite energies are determined from the one-particle (one-
hole) excitations of the interacting cluster and the hopping terms are given by the overlap between
the interacting N particle ground state and the one-particle (one-hole) excitations of the interacting
cluster with N -1 (N+1) particles. The conductance is obtained from the solution of a system of
M+2 coupled linear equations. We apply this method to the case of the conductance of spinless
fermions through an AB2 ring taking into account nearest neighbors interactions. We discuss the
effects of interactions on the zero frequency dipped conductance peak characteristic of the non-
interacting AB2 ring as well as the consequences of a particle number jump that occurs as the gate
potential is varied.
PACS numbers: 73.23.-b, 81.07.Nb
I. INTRODUCTION
The signatures of electronic interactions in the conduc-
tance through nanosystems has drawn a great deal of at-
tention in the past few years. Many conductance studies
have addressed the interaction effects using the method
of non-equilibrium Keldysh Green functions.[1, 2] In this
approach, one assumes non-interacting leads and the
non-equilibrium current is obtained as a function of the
exact propagators of the interacting cluster (including
the contribution of the leads). When the coupling be-
tween the non-interacting leads and the interacting clus-
ter is small, a simpler approach by Jagla and Balseiro
[3] which requires only the determination of the Green’s
functions of the decoupled interacting cluster can be
used. This approach maps the scattering through the
interacting cluster into a Landauer-type formula which
relates the electrical resistance to the one-particle scat-
tering properties of an effective impurity. Note however
that this approach does not capture the correlation ef-
fects that lead to the Kondo phenomena.
In this paper, a new method (that reproduces the re-
sults in Jagla’s and Balseiro’s approach) for the two-
terminal conductance through interacting clusters is pro-
posed. This method relies in the approximation that de-
spite interacting with other particles in the scattering
region, the incident particles remain independent in the
leads. This assumption allows us to work in a reduced
Hilbert space and the conductance is obtained from the
solution of a system of M+2 coupled linear equations
(avoiding the need to calculate Green’s functions), where
M is the number of cluster states with one particle more
or less relatively to the ground state of the cluster.
As an application of this method, we address the con-
ductance of spinless fermions through an interacting AB2
ring. The AB2 chain, also known as diamond chain, [4, 5]
is a prime example of the family of itinerant geomet-
rically frustrated systems [6–15], which include among
others, the well known Lieb’s and Kagome’s lattice [16].
These systems exhibit the interesting feature that they
show one or more flat bands in their energy dispersion
relation. As for the AB2 chain, this interesting system
has been heavily studied lately and several results includ-
ing exact solutions for the ground state of an Hubbard
AB2 chain [17], the exact solution in the case of inter-
acting spinless fermions [18] and the exact solution in
the case of the distorted Ising-Hubbard AB2 chain [19]
have been obtained. There have also been exhaustive
studies in the case of an extended Hubbard AB2 chain
[20] as well as studies concerning the effect of disorder on
the AB2 chain [21] and several experimental studies in
materials exhibiting the same geometry [22–24] of which
azurite is a prime example. The conductance through
the non-interacting AB2 chain has been recently studied
by us [25] and unusual features were found. In particu-
lar, a zero frequency dipped conductance peak is present
due to the existence of localized states with nodes in the
probability density. In this paper, we study the evolu-
tion with increasing nearest neighbor interaction of the
conductance profiles of the AB2 ring and show that the
dipped peak persists for small values of the interaction,
but slightly shifted from zero frequency. Also, as the
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FIG. 1: An interacting cluster with Ns sites connected to
two semi-infinite one-dimensional tight-binding leads at sites
L and R (L,R ∈ {1, . . . Ns}).
gate potential is varied, one observes a particle number
jump in the cluster that filters some conductance peaks.
This particle number jump can be associated with the
flat band of the AB2 ring when interactions are absent.
This paper is organized in the following way. In sec-
tion II, we discuss the approximations that underlie our
mapping of the interacting system into a one-particle
non-interacting system. The details of the correspond-
ing analytical calculation can be found in appendix A.
In section III, we apply the method to the determination
of the conductance through an interacting AB2 ring. In
section IV, we conclude. The exact solution of the AB2
Hamiltonian in the non-interacting limit as well as in the
strong coupling limit is reviewed in appendix B.
II. CONDUCTANCE THROUGH
INTERACTING CLUSTERS
We consider a cluster with sites L and R connected to
left and right leads respectively. We consider these leads
to be described by a one-dimensional tight binding model
and to be weakly coupled to our cluster as depicted in
Fig. 1. The Hamiltonian of the full system is given by
H = HC +Hleads +HLR, (1)
where HC is the Hamiltonian of the isolated cluster (an
AB2 ring, in the case of Fig. 3), Hleads is the Hamiltonian
of the isolated leads, assumed to be semi-infinite,
Hleads = −t
∞∑
j=1
(a†jaj+1 + a
†
−j−1a−j) + H.c., (2)
and the hybridization term is
HLR = −tLa†−1XL − tRa†1XR + H.c., (3)
where tL and tR are the hopping amplitudes coupling
the leads and the cluster and X†L and X
†
R create an elec-
tron on site L and R, respectively, of the cluster. For
simplicity, we have assumed spinless fermions, but our
approach can be generalized to the spinful case as well
as to a multi-terminal configuration.
Let us discuss first the non-interacting case. In this
case, each energy value in the band continuum of the
semi-infinite leads is twice degenerate. If tL = tR = 0,
and assuming incoming particles only from one lead, this
FIG. 2: Non-interacting cluster obtained in our method. The
onsite energies εαi (εβj ) are determined from the one-particle
(one-hole) excitations of the interacting cluster and the hop-
ping terms t
L/R
αi (t
L/R
βj
) are given by the overlap between the
interacting N particle ground state and the one-particle (one-
hole) excitations of the interacting cluster with N +1 (N −1)
particles. See appendix A for the exact expressions of these
parameters.
corresponds to states such that an incoming particle is to-
tally reflected in the left lead or in the right lead. When
tL, tR 6= 0, the presence of the cluster generates a certain
mix of these states (again assuming incoming particles
only from one lead). In fact, apart from the cluster, this
particle wave function with energy in the band contin-
uum of the semi-infinite leads remains a combination of
incident, reflected and transmitted plane waves. Eigen-
states with energies outside the band continuum are lo-
calized states in the cluster. Note that this is valid for
any value of tL and tR if the cluster is finite and the
leads are semi-infinite, and this can be understood not-
ing that any finite localized term in the Hamiltonian is
an infinitesimal perturbation in the plane wave basis, if
the leads are infinite.
When interactions are present in the cluster, we as-
sume that the same occurs, that is, that the pres-
ence of the interacting cluster will merely mix the non-
interacting one-particle states of the left and right leads
with same energy and that particles in the leads remain
independent despite interacting with other particles in
the scattering region (this is also implicit in Balseiro’s
approach) and therefore we can study the transmission of
a single incoming particle following a Landauer-like pro-
cedure. Furthermore, the cluster state remains the same
as in the decoupled situation when the incoming particle
is far from the cluster since the number of particles in
the cluster is fixed by the chemical potential in the leads
(we consider an infinitesimal chemical potential differ-
ence between the leads). Therefore the incoming particle
will arrive at the contact site, with the cluster at its in-
teracting ground state, and in order for transmission to
occur the system must be able to have a transition into
the state where a particle is at the right contact site and
the cluster is again in the ground state. There are two
possible paths for such transition, one path involving an
3intermediate state with N+1 particles in the cluster and
zero particles in the leads and another path involving an
intermediate state N − 1 particles in the cluster and one
particle at site 0 and one particle at site Ns + 1, where
Ns is the number of sites of the cluster (see Fig. 1). This
reasoning allows us to work in a reduced Hilbert space
and the conductance is obtained from the solution of a
system of M+2 coupled linear equations, where M is the
number of cluster states with one extra particle or one
less relatively to the ground state of the cluster. So, we
reduce the determination of the conductance through an
interacting cluster to a one-particle transmission problem
through a non-interacting cluster but with hopping con-
stants and local energies determined taking into account
the interactions in the cluster. The analytical details
of this approach can be found in appendix A. The rela-
tion between the transmission probability and the con-
ductance is given by the usual Landauer formula [26].
In Fig. 2, we show the non-interacting cluster obtained
in our method, with M decoupled sites, with different
onsite energy (εαi for sites αi corresponding to states
with N+1 particles and εβj for sites βj corresponding to
states with N − 1 particles) and connected to the leads
with renormalized hoppings constants (t
L/R
αi for sites αi
and t
L/R
βj
for sites βj). The onsite energies are deter-
mined from the one-particle (one-hole) excitations of the
interacting cluster and the hopping terms are given by
the overlap between the interacting N particle ground
state and the one-particle (one-hole) excitations of the
interacting cluster with N − 1 (N + 1) particles. Note
that these onsite energies and renomalized hoppings do
not depend on the energy of the incident particles (as in
Jagla’s and Balseiro’s approach [3]), but only on the num-
ber of particles in the ground state of the cluster. Note
also the exchange of the indices L and R in the case of
hoppings to β sites, reflecting the fact that transmission
of an incoming particle through these states involves first
a particle hop from the cluster to the right lead and sec-
ond, the hopping of the incoming particle from the left
lead to the cluster.
One can ask what happens when the ground state of
the interacting cluster is degenerate. Some authors have
avoided this problem assuming the existence of a small
perturbation that lifts the ground state degeneracy [27].
Depending on this perturbation, some conductance peaks
may however disappear from the conductance profile. In
this paper, we use a different approach. Since we are
addressing the differential conductance, the chemical po-
tential of the cluster is well defined, and the distribution
of cluster states at finite temperature will be given by the
density operator for the grand canonical ensemble,
ρ =
e−β(H−µ)
tr e−β(H−µ)
, (4)
and the average current will, consequently, be given by
〈I〉 := trρI. (5)
......
FIG. 3: The AB2 chain is connected at sites L and R, to
one-dimensional semi-infinite tight binding leads via hopping
amplitudes tL and tR. Each plaquette is threaded by a mag-
netic flux φ while the inside ring is threaded by a magnetic
flux φi.
At zero temperature, the sum will be over only ground
states
〈I〉 =
∑
i
〈
E
(i)
G.S.
∣∣∣ I ∣∣∣E(i)G.S.〉∑
i
〈
E
(i)
G.S.|E(i)G.S.
〉 , (6)
such that the average conductance is simply the arith-
metic mean of the conductances for each ground state.
This way, all conductance peaks associated with the sev-
eral ground states will be present in the conductance pro-
file. However, note these peaks may have the height re-
duced due to the averaging, if they are associated with
only one ground state. Even if every ground state gen-
erates a certain conductance peak, the peak may have
a different width for each cluster ground state (due to
different values of the effective hopping to these states,
see Fig. 2) and the averaging will generate a peculiar
non-Lorentzian peak with a sharper maximum.
III. CONDUCTANCE IN THE AB2 CHAIN
In this section, we apply the method described in sec-
tion II (and detailed in appendix A) to the study of
the conductance through an AB2 ring (see Fig. 3). Re-
cently, we have shown that due to the existence of one-
particle localized states in this ring (consequence of the
geometrical frustration), the conductance through the
non-interacting AB2 ring displays a peculiar dipped con-
ductance peak at zero frequency. Here, we discuss the ef-
fect of the nearest-neighbor interactions on the presence
of this peak as well as effects due to a particle number
jump [due to the existence of a flat band when no inter-
actions are present (see appendix B), but that persists
when interaction is taken into account] which occurs as
a gate voltage Vg is varied.
In Fig. 3, an AB2 ring is shown with a magnetic flux φ
threading each plaquette and a magnetic flux φi thread-
ing the inner ring. The inner sites in the AB2 ring of
Fig. 3 are denoted as C sites and the outer sites as B
sites. Spinal sites are denoted as A sites. The num-
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(b) φ = pi/2
FIG. 4: Phase diagram of the AB2 ring connected to a particle reservoir as a function of chemical potential and interaction
for Nc = 4 and (a) zero flux or (b) flux per plaquette φ = pi/2. The white and black lines delimit areas of different number of
particles on the ground state while the density plot gives us the magnitude of the second derivative of the ground state energy
with respect to the flux φ′ at φ′ = 0 (proportional to the the charge stiffness). The numbers indicate the number of particles
in the ground state. The results were obtained using forward differences and a step size dφ = pi × 10−4.
ber of unit cells (or plaquettes) is denoted Nc. There-
fore, the magnetic flux enclosed by the outer ring is
φo = φi + 4Ncφ/4 and we introduce an auxiliary flux
φ′ such that φo = φ′ + 2Ncφ/4, φi = φ′ − 2Ncφ/4.
The Hamiltonian for an AB2 ring with Nc unit cells is
HC = H0 + V
∑
j
(
nAj + n
A
j+1
) (
nBj + n
C
j
)
, (7)
where V is the value of the interaction and
H0 = −t
Nc∑
j=1
[
eiφo/2Nc(A†jBj +B
†
jAj+1)
+ e−iφi/2Nc(C†jAj +A
†
j+1Cj)
]
+ H.c.,
(8)
where A†j creates a particle at the spinal site of the unit
cell j of the AB2 ring, and B
†
j and C
†
j creates a particle
at the edge sites (see Fig. 3). Here we have chosen a
gauge such that the Peierls phases are equally distributed
in the inner and outer ring of the AB2 ring. In order
to introduce a gate voltage in our cluster one needs to
modify the cluster Hamiltonian, HC → HC − eVgN .
In the case of a transport experiment, the AB2 ring is
connected to particle reservoirs and one needs to know
the ground state of the AB2 ring as function of chemical
potential. The phase diagram of an AB2 ring with four
unit cells (as in Fig. 3) as a function of chemical potential
and interaction is displayed in Fig. 4a for zero flux and
in Fig. 4b for flux per plaquette equal to pi/2.
For zero flux, the phase diagram Fig. 4a shows a parti-
cle number jump to a high density state, from 3 particles
to 8 particles (or better, from Nc-1 to 2Nc particles). It is
interesting to note that the cluster is never at half-filling
or close to it. As that is the situation corresponding to
the largest Hilbert subspace, the fact that one can ne-
glect these states means that our computational effort is
reduced. This particle jump can be associated with the
existence of zero energy localized states (due to the ge-
ometric frustration of the AB2 chain) when V/t is zero
(see appendix B), since a small chemical potential shift
around µ = 0 implies the immediate fill of the respective
flat band (which separates two bands of itinerant states).
Curiously this particle jump survives for any value of V/t.
This is not obvious since we do not expect the states of
the flat band to remain localized when V is finite, if the
lower itinerant band is full.
In Fig. 4 we also show as a density plot the charge
stiffness at zero temperature (or better, the curvature
of the ground state energy) as a function of chemical
potential and interaction. As first stated by Kohn, [28,
29] in 1D systems the charge stiffness at zero temperature
can be obtained from the ground state energy dependence
on the magnetic flux and this allows one to distinguish
an ideal insulating ground state from a ideal metallic
one. In the case of the AB2 ring, the change of boundary
conditions is related to the variation of flux φ′ and the
charge stiffness is given by
Dc = Nc
∂2E(µ, V )
∂φ′2
∣∣∣∣
φ′=0
, (9)
where E(µ, V ) is the many-body ground state energy of
the AB2 ring with chemical potential µ and interaction
5-eV g
G N
1
1
1
1
1
0
0
0
0
0
0
1
0
0
0
0
1
1
1
1
N
N=0
N=1
N=2
N=3
N=8
observable
N=9
N=10
N=11
N=12
3 2 1 0 1 2 3
0
2
4
6
8
10
12
(a) V/t = 0.1
1
1
1
1
1
0
0
0
0
0
0
1
0
0
0
0
1
1
1
1
N
N=0
N=1
N=2
N=3
N=8
observable
N=9
N=10
N=11
N=12
-eV g
G N
A
3 2 1 0 1 2 3
0
2
4
6
8
10
12
(b) V/t = 1
-eVg
G N
1
1
1
1
1
0
0
0
0
0
0
1
0
0
0
0
1
1
1
1
N
N=0
N=1
N=2
N=3
N=8
observable
N=9
N=10
N=11
N=12
B
C
3 2 1 0 1 2 3
0
2
4
6
8
10
12
(c) V/t = 100
FIG. 5: Conductance as function of -eVg for several values of
the interaction constant, (a) V/t = 0.1, (b) V/t = 1 and (c)
V/t = 100, with contacts at sites B and C of the same unit cell
and for zero flux. The conductance profiles for fixed particle
number in the cluster are shown as well as the observable
conductance (bottom red line) obtained taking into account
the particle number transitions (blue thick line, right axis).
V .The flux φ′ is analogous to the flux threading a normal
quantum ring. At zero temperature, one expects Dc = 0
for an insulating state and D > 0 for a metallic one. Note
that for fixed φ, a derivative in order to φ′ is the same as
a derivative in order to φi or φo.
In Fig. 4a, one can see that while an increase in V has a
small impact on the charge stiffness for most values of µ,
for 8 particles, a small increase in the interaction immedi-
ately turns the system into an insulator. This reflects the
fact that for 8 particles in the cluster and strong inter-
action, the ground state corresponds to a Wigner crystal
configuration, with all B and C sites occupied (all parti-
cles are localized due to the interaction).
When the magnetic flux threading the AB2 plaquettes
is pi/2, the phase diagram (Fig. 4b) displays an additional
region corresponding to 4 particles in the AB2 ring, and
the particle number jump occurs between from 4 to 8
particles (or better, from Nc to 2Nc particles). This
region becomes narrower as the interaction grows and
disappears for V/5 ∼ 1. The existence of this region
is justified by the fact that a finite flux φ through each
plaquette induces a gap between the itinerant bands and
the localized band when V/t = 0. Therefore one has a
finite chemical potential interval (corresponding to this
gap), where the lower itinerant band is completely full.
This behavior remains for finite values of the interaction
as long as the interaction is small compared with the
gap. This does not happen for φ = 0 since in that case
the energy of highest level of the lower itinerant band
is zero and coincides with the flat band. We note that
the qualitative behavior for other number of cells Nc is
identical to the one studied above. The only difference
is related to the parity of Nc. For φ = 0 and an even
number of cells, the particle jump occurs from Nc − 1 to
2Nc as for 4 cells. However for Nc odd, since no single
particle state in the lower band coincides with those of
the flat band, there is an effective gap between these two
bands, and one observes that the particle jump occurs
from Nc to 2Nc even for φ = 0, for small values of the
interaction V .
As expected, the conductance profiles obtained using
the method of section II reflect closely these phase dia-
grams, with some peculiarities that we describe below.
Fig. 5 shows conductance peaks for a fluxless AB2 chain
with conducting leads contacting sites B and C of the
same unit cell, as a function of the gate potential. In
Fig. 5 as well as in Figs. 6 and 7, we show the conduc-
tance profiles with fixed number N of particles in the
cluster (top curves) as well as the observable conductance
profile (bottom red curve) which takes into account the
transitions in cluster particle number given by the thick
blue curve. The conductance profiles with fixed N are
shifted in order to show clearly the observable regions in
each of them. Whenever the ground state is degenerate
we use the averaging procedure described in section II.
The chemical potential of the leads is assumed to be 0.
For V/t = 0.1 (Fig. 5a), the conductance profiles are
very similar independently of the particle number in the
cluster. This reflects the fact that without interaction,
the conductance profiles are the same independently of
the number of particles in the cluster and the effect of
the small interaction is to shift slightly the peaks and
partially lift the degeneracy of the cluster Hamiltonian,
therefore splitting some peaks. We observe that the zero
6frequency dipped peak (discussed in detail in Ref. [25])
survives for small V/t, but slightly shifted in frequency.
For V/t = 1 (Fig. 5b), this dipped peak is absent, but a
trace of this peak is still observed at point A of the bot-
tom profile of Fig. 5b. This trace appears to be a very
asymmetric peak since it is the union of two tails due to
the particle number jump. In the case of Fig. 5c, we show
the conductances profiles for V/t = 100 and we see that a
conductance peak is not necessarily associated with the
energy of the particle number jump. This just means
that the jump occurs before the ground state with 3 par-
ticles becomes degenerate with the ground state with 4
particles.
In Fig. 6, we show the conductance profiles in the case
of a flux per plaquette φ = pi/2 (created by an uniform
magnetic field). All other parameters are the same as in
Fig. 5. These conductance profiles reflect the existence
of the N = 4 region in the phase diagram of Fig. 4b by
showing an additional conductance peak when V/t is less
than 5.
A peculiar feature of the conductance profiles with
fixed N shown in Figs. 5 and 6 is presence of peaks of
height 0.5. This is a consequence of the degeneracy of
the ground state with N particles and of the existence
of a conductance peak for only one of the degenerate
ground states. Since we average the conductance over
the possible ground states, this leads to a lower height
conductance peak associated with transition N → N+1.
Note that this average does not occur when the transi-
tion occurs in the direction N + 1→ N and this leads to
a non-Lorentzian peak as observed in the bottom curve
of Fig. 5c (peak B). One can also observe in the N = 2
conductance profile of Fig. 5c, a peculiar non-Lorentzian
peak with a sharp maximum (peak C). As explained in
section II, this reflects the averaging of two peaks with
different widths due to a degenerate ground state.
The strong coupling limit solution given in [18] also
indicates that for small particle number the AB2 ring
should behave as a renormalized ring with hopping
√
2t
and reduced length equal to 2Nc/3. Fig. 7 shows a com-
parison of the conductance peaks for an incident particle
with k = pi/2 as a function of the gate voltage for an AB2
ring and for the corresponding renormalized linear ring
with leads at opposite A sites for an interaction V = 100t.
As expected, the conductance profiles of the two are al-
most identical. However the linear ring does not have
jumps in particle number as the gate potential is varied.
Note that the jump from 3 to 8 particles in the AB2 ring
can be considered similar to the transition from 3 to 4
particles in the linear ring (every other site occupied in
the ring and every pair of B and C sites occupied in the
AB2 ring), but the latter leads to a conductance peak
while the former may not, as explained above. Also, the
transition from 3 to 8 in the AB2 ring occurs much ear-
lier.
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(c) V/t = 100
FIG. 6: Conductance profiles in the case of a flux per plaque-
tte φ = pi/2 (created by an uniform magnetic field). All other
parameters are the same as in Fig. 5. An additional peak
corresponding to the transition between 3 and 4 particles is
present for small and intermediate V/t, but absent for large
V/t.
IV. CONCLUSION
In this paper, a new method for the determination
of the two-terminal differential conductance through an
interacting cluster has been presented and applied to
the case of the conductance of spinless fermions through
an AB2 ring considering nearest neighbors interactions.
This method is exact in two limits: (i) vanishing interac-
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FIG. 7: Conductance as a function of the gate voltage for: (a)
an AB2 ring with Nc = 4, V = 100, ω = 0 and tL = tR = 0.3t
with contacts at opposite sites A; (b) the equivalent linear
ring, with the same parameters but ring hoppings renormal-
ized as t→ √2t and leads contacts at opposite sites.
tions; (ii) vanishing coupling between leads and cluster,
and its main approximation is the assumption that par-
ticles in the leads remain independent and therefore the
system can be reduced to a simpler problem of one in-
coming particle which interacts with N particles in the
cluster. This simpler problem can studied in a truncated
Hilbert space and in this space, it can mapped exactly
into the problem of the transmission of an incoming par-
ticle through a non-interacting cluster of M independent
sites (where M is the number of cluster states with one
particle more or less than the ground state of the cluster).
The main results obtained in our study of the conduc-
tance features due to interactions in the AB2 ring are: (i)
the non-interacting conductance profiles persist for small
values of the interaction, with a small shift of the peaks
and a small splitting of the peaks (when degeneracy is
present in the non-interacting limit); (ii) some conduc-
tance peaks are not present due to a particle number
jump (observed for any value of the interaction) that oc-
curs as the gate potential is varied and that can be associ-
ated with the flat band of the AB2 ring when interactions
are absent.
Acknowledgements
A. A. L. acknowledges the financial support of
the Portuguese Science and Technology Founda-
tion (FCT), cofinanced by FSE/POPH, under grant
SFRH/BD/68867/2010 and of the Excellence Initia-
tive of the German Federal and State Governments
(grant ZUK 43). R. G. D. acknowledges the finan-
cial support from the Portuguese Science and Tech-
nology Foundation (FCT) through the program PEst-
C/CTM/LA0025/2013.
Appendix A: Derivation of a formula for the
conductance
In this section we provide a derivation of the transmit-
tance of spinless fermions through an interacting cluster
connected to one-dimensional tight-binding semi-infinite
leads. Our results for the transmitance agree with those
of [30] for the non-interacting case, while we have checked
numerically that they are consistent with those of [27] in
the interacting case.
Let us begin by fixing our notation. We let c†i |∅L,R〉
denote the one-particle Wannier state of the leads corre-
sponding to a particle at site i (with |∅L,R〉 being the vac-
uum state of the left or right lead) and |GS(N)〉 denote
the ground state of the cluster with N particles. When-
ever we consider the tensorial product of three states,
|·〉⊗ |·〉⊗ |·〉, the first state is a left lead state, the second
one is right lead state and the last one a cluster state.
We consider two semi-infinite leads connected to a clus-
ter as depicted in Fig. 3. In particular we take the Hamil-
tonian for our system to be
H = H0 + VLR, (A1)
where H0 is the Hamiltonian of the isolated cluster plus
leads,
H0 = −t
0∑
j=−∞
(
c†j−1cj + H.c
)
= −t
∞∑
j=N+1
(
c†jcj + H.c
)
+Hc,
(A2)
where Hc is the Hamiltonian of the cluster and VLR is the
hybridization between the cluster and the leads, taken as
a perturbation,
VLR = −tLc†0cL − tRc†RcN+1 + H.c.. (A3)
As explained in section II, we study the transmission of
a single incoming particle through the interacting cluster
following a Landauer-like procedure assuming that the
particles in the leads remain independent despite inter-
acting with particles in the cluster. Furthermore, the
8number of particles in the cluster is fixed by the chemi-
cal potential in the leads and the electrons in the lower
energy states of the cluster do no tunnel to the leads due
to the Pauli exclusion principle. Let us assume that the
chemical potential is adjusted so that the ground state
of the cluster has exactly N electrons. Considering this
simpler problem of a single particle in the leads and N
particles in the cluster, one is lead to the conclusion that
when the particle in the leads is far from the cluster, the
ground state of the cluster is the same as that of the de-
coupled system. Also, the incoming particle will be in a
plane wave state (since these are eigenstates of the leads
Hamiltonian and we take the hybridization to be small).
So, when the incoming particle is far in the left lead
(j  0), the particle+cluster eigenfunction for a certain
energy ωk + EGS(N) will be a combination of a incident
plane wave with a reflected plane wave due to the cluster(
eikj + ψre
−ikj) c†j |∅L〉 ⊗ |∅R〉 ⊗ |GS(N)〉 , (A4)
while when the particle is far in the right lead (j  N+1)
one has a transmitted component
|∅L〉 ⊗ ψteikjc†j |∅R〉 ⊗ |GS(N)〉 . (A5)
The previous expressions of the eigenstate with energy
ωk+EGS(N) can be extended to j ≤ 0 and j ≥ N+1, re-
spectively, applying the induction method starting from
these far away components [as for the non-interacting
case, cf. [31] eq. (11)] using,
ωkψj = −ψj+1 − ψj−1, (A6)
That is, solving successively the previous matrix equa-
tion, we can get closer to the cluster, starting from the
j → −∞ and j →∞ cases.
There are two possibilities for the transmission of the
incoming particle through the cluster, one involving an
intermediate state with N+1 particles in the cluster and
zero particles in the leads and another involving an in-
termediate state N − 1 particles in the cluster and one
particle at site 0 and one particle at site Ns + 1. Taking
into account the above discussion, we restrick our analy-
sis to the following subspace of states
c†j |∅L〉 ⊗ |∅R〉⊗ |GS(N)〉 , j ≤ 0,
|∅L〉 ⊗ c†j |∅R〉⊗ |GS(N)〉 , j ≥ N + 1,
|∅L〉 ⊗ |∅R〉⊗
∣∣N + 1(n)〉 ,
c†0 |∅L〉 ⊗ c†N+1 |∅R〉⊗
∣∣N − 1(m)〉 ,
(A7)
where
∣∣N + 1(n)〉 represents all cluster states with N + 1
particles and
∣∣N − 1(m)〉 represents cluster states with
N − 1 particles. The reduced Hilbert space implies that
when the particle in the leads is far from the cluster, the
ground state of the cluster is the same as that of the
decoupled system, which is a valid approximation given
that we assumed that the hybridization between the leads
and the cluster is small.
Let us now write the full form of the eigenstate with energy ωk + EGS,N , not forgetting that we are working in
a restricted subspace (we are in fact, simply expanding this state in terms of the basis for our subspace, using the
knowledge we have of how the eigenstate on the leads must look like)
|ψk〉 =
∑
j≤0
(
eikj + ψre
−ijk) c†j |∅L〉 ⊗ |∅R〉 ⊗ |GS(N)〉+ ∑
j≥N+1
ψte
ikj |∅L〉 ⊗ c†j |∅R〉 ⊗ |GS(N)〉
+
∑
n
αn |∅L〉 ⊗ |∅R〉 ⊗
∣∣N + 1(n)〉+∑
m
c†0 |∅L〉 ⊗ c†N+1 |∅R〉 ⊗ βm
∣∣N − 1(m)〉 , (A8)
where
∣∣N + 1(n)〉 denotes the nth eigenvector of the cluster Hamiltonian when it has N + 1 particles and identically
for
∣∣N − 1(m)〉. Let us now look at the Hamiltonian matrix equations which involve VLR. For c†0 |∅L〉⊗ |GS(N)〉⊗ |∅R〉
we have (
ωk + EGS(N)
)
ψ0c
†
0 |∅L〉 ⊗ |∅R〉 ⊗ |GS(N)〉 =− ψ−1c†0 |∅L〉 ⊗ |∅R〉 ⊗ |GS(N)〉
− tLc†0 |∅L〉 ⊗ |∅R〉 ⊗
∑
i
(
αicL
∣∣N + 1(i)〉)
− tRc†0 |∅L〉 ⊗ |∅R〉 ⊗
∑
j
(
βjc
†
R
∣∣N − 1(j)〉)
+ EGS(N)ψ0c
†
0 |∅L〉 ⊗ |∅R〉 ⊗ |GS(N)〉 .
(A9)
We emphasize that we work in a restricted subspace where only one state with N particles in the cluster is available,
the ground state, so a projector is implicit in the previous equation. The degenerate ground state case can be treated
by using the Gibbs state as described in section II. Given this, and through some straightforward calculations we can
9arrive at
ωkψ0 + ψ−1 =− tL
∑
n
αn 〈GS(N)| cL
∣∣N + 1(n)〉− tR∑
m
βm 〈GS(N)| c†R
∣∣N − 1(m)〉
=−
∑
n
(
tLαn(N)
)∗
αn −
∑
m
(
tRβm(N)
)∗
βm.
(A10)
Now, for |∅L〉 ⊗ αn
∣∣N + 1(n)〉⊗ |∅R〉 after some calculations we get
(ωk + EGS(N)− Eαn)αn =− tLψ0
〈
N + 1(n)
∣∣ c†L |GS(N)〉 − tRψN+1 〈N + 1(n)∣∣ c†R |GS(N)〉
=−
(
tLαn(N)
)
ψ0 −
(
tRαn(N)
)∗
ψN+1.
(A11)
For c†0 |∅L〉 ⊗ βm
∣∣N − 1(m)〉⊗ c†N+1 |∅〉 we get
(ωk + EGS(N)− Eβm)βm = + tLψN+1
〈
N − 1(m)
∣∣ cL |GS(N)〉 − tRψ0 〈N − 1(m)∣∣ cR |GS(N)〉
=−
(
tLβm(N)
)∗
ψN+1 −
(
tRβm(N)
)
ψ0.
(A12)
Finally for |∅L〉 ⊗ |GS(N)〉 ⊗ c†N+1 |∅〉 we have
ωkψN+1 + ψN+2 =− tR
∑
n
αn 〈GS(N)| cR
∣∣N + 1(n)〉+ tL∑
m
βm 〈GS(N)| c†L
∣∣N − 1(m)〉
=−
∑
n
(
tRαn(N)
)
αn −
∑
m
(
tLβm(N)
)
βm.
(A13)
Note we have introduced the parameters
tLαn(N) = tL
〈
N + 1(n)
∣∣ c†L |GS(N)〉 , (A14)
tRαn(N) = tR 〈GS(N)| cR
∣∣N + 1(n)〉 , (A15)
tRβm(N) = tR
〈
N − 1(m)
∣∣ cR |GS(N)〉 , (A16)
tLβm(N) = −tL 〈GS(N)| c†L
∣∣N − 1(m)〉 . (A17)
Defining
εαn(N) = Eαn − EGS(N), (A18)
εβm(N) = Eβm − EGS(N), (A19)
one concludes that Eqs. A10, A11, A12 and A13 corre-
spond to the Hamiltonian matrix equations of the effec-
tive system shown in Fig. 2.
The solution of this set of M + 2 equations (that is,
Eqs. A10, A11, A12 and A13) allows us to determine
ψt and ψr. Note that ψ0, ψ−1, ψN+1 and ψN+2 are
given by expressions ψj =
(
eikj + ψre
−ikj) for j ≤ 0 and
ψj = ψte
ikj for j ≥ N + 1 and are functions of ψr and
ψt, therefore we have M + 2 variables. The transmission
probability is then given by the square of the absolute
value of the ratio between the amplitude of the outgoing
wave ψt and the amplitude of the incident wave (which
we have assumed to be 1).
Appendix B: Exact spectrum of the AB2 chain
In this appendix, we recall results on the exact di-
agonalization of the spinless AB2 chain taking into ac-
count nearest-neighbor Coulomb interactions in the lim-
iting cases of infinite or zero nearest-neighbor Coulomb
repulsion for any filling.
For the non interacting case, the one-particle eigenval-
ues for an arbitrary value of flux φ are given by
flat = 0,
± = ±2t
√
1 + cos(φ/2) cos(φ′/Nc + k).
(B1)
In the strong coupling limit, V/t→∞, the solution to
the AB2 chain can be derived from the solution to the
t-V chain [32]. The solution of the t-V chain relies in
considering pairs of consecutive sites, nearest neighbors
of each other. The possible pairs, which we call links,
are (h, p), (p, h), (h, h) and (p, p), where p stands for an
occupied site and h for an empty one. In the strong
coupling limit, there is a conservation of the number of
these links, so that the tight-binding term only exchanges
the position of these links [32]. Considering the subspace
where there are no pairs of nearest neighbor occupied and
interpreting the (h, p) links as non-interacting particles
hopping in a chain where the empty sites are the (h, h)
links, the solution is attained. Since the total number of
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(hh) and (hp) links is L˜ = L − N , the effective chain is
reduced in relation to the real t-V chain. The fact that
the tight-binding particles occupy two sites of the real
t-V chain leads to a twisted boundary condition which is
dependent on the momenta of the tight-binding particles
and the eigenvalues are given by [32]
E({k˜}, P ) = −2
√
2t
N∑
i=1
cos
(
k˜i − P
L˜
− φ
′
L
)
, (B2)
with k˜ = n˜·2pi/L˜, and P = n·2pi/L, with n˜ = 0, . . . , L˜−1
and n = 0, . . . , L − 1. The set of pseudo-momenta {k˜}
and P must satisfy the following condition PL/L˜ =∑N
i=1 k˜ (mod 2pi). A similar reasoning gives the energy
of the states with (p, p) links. The mapping of this solu-
tion of the t-V chain (with even number of sites) into the
AB2 chain without localized particles is direct, with odd
sites corresponding to A sites and even sites to sites B
and C (which will be unoccupied or in a bonding config-
uration). This entails a reduction of the effective number
of sites, which can be seen in the conductance of the AB2
chain.
In this strong-coupling limit, two kinds of localized
states may occur: one-particle localized states due to ge-
ometry and two-particle localized states due to interac-
tion and geometry. These localized fermions create open
boundary regions for itinerant carriers. This implies a cu-
rious dependence of the ground state energy as function
of filling.In the case of an infinite AB2 chain, at filling
ρ = 2/9 and in order to avoid the existence of itinerant
fermions with positive kinetic energy, phase separation
occurs between a high-density phase (ρ = 2/3) and a
low-density phase (ρ = 2/9) leading to a metal-insulator
transition. The ground-state energy is linear on filling
above 2/9.
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